ON THE RELATION BETWEEN ADM AND BONDI 
ENERGY-MOMENTA 
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Abstract. When a spacetime takes Bondi radiating metric, and is vac- 
uum and asymptotically fiat at spatial infinity wliicli ensures tlie positive 
mass tlieorem, we prove tliat tfie standard ADM energy-momentum is 
tfie past limit of the Bondi energy-momentum. We also derive a for- 
mula relating the ADM energy-momentum of any asymptotically flat 
spacelike hypersurface to the Bondi energy-momentum of any null hy- 
persurface. The formula indicates that the Bondi mass is always less 
than the ADM total energy if the system has news. 

The assumed asymptotic flatness precludes gravitational radiation. 
We therefore study further the relation between the ADM total energy 
and the Bondi mass when gravitational radiation emits. We find that in 
this case the ADM total energy is no longer the past limit of the Bondi 
mass. They differ by certain quantity relating to the news of the system. 



1. Introduction 

It is well-known that the ADM total energy and total linear momentum 
can be defined on asymptotically flat spatial infinity in a spacetime 
The fundamental positive mass conjecture in general relativity, which was 
proved by Schoen-Yau, and later by Witten, asserts that the ADM energy- 
momentum is always timelike for a nontrivial spacetime |181 1191 I2UI I25j . 
In |2n], the positive mass theorem was extended to the case involving the 
total angular momentum. This extension actually relates to the Einstein- 
Cartan theory. On the other hand, in the pioneering work of Bondi, van der 
Burg, Metzner and Sachs on the gravitational waves in vacuum spacetimes, 
the Bondi mass associated to each null cone is defined and their main result 
asserts this Bondi mass is always non-increasing with respect to the retarded 
time 011711211. 

One main problem in general relativity is to understand what exactly 
happens on the energy-momentum when an asymptotically fiat spacelike 
hypersurface goes to a null hypersurface. Physically, it is believed that 
gravitational radiation occurs, and the energy of the system will be car- 
ried away by gravitational waves. When a spacetime can be conformally 
compactified, and asymptotically empty and flat at null and spatial inflnity 
in the sense of R!, Ashtekar and Magnon-Ashtekar demonstrated the mass 
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at spatial infinity is the past limit of the Bondi mass taken as the cut ap- 
proaches the "point" of spatial infinity This result was later verified, 
in the framework of Penrose, by Hay ward replacing the Penrose conformal 
factor by a product of advanced and retarded conformal factors jill) , and by 
Valiente Kroon using a representation of spatial infinity based on the proper- 
ties of conformal geodesies jl() (l22| OH]. In Christodoulou and Klainerman 
proved the global existence of globally hyperbolic, strongly asymptotically 
flat, maximal foliated vacuum Einstein equations, and proved rigorously 
the ADM mass at spatial infinity is the past limit of the Bondi mass. In 
this paper, we assume that spacetime takes vacuum Bondi radiating metric. 
We define the spatial infinity as the "real" time slice. Under the asymp- 
totic fiatness conditions at spatial infinity which ensures the positive mass 
theorem, we use a complete and rigorous argument to demonstrate that 
the standard ADM energy-momentum is the past limit of the "standard" 
Bondi energy-momentum defined in j21 EI • We derive a formula relating 
the ADM energy-momentum for a spacelike hypersurface at time to to the 
Bondi energy- momentum for a null hypersurface at retarded time uq. As 
a consequence, we prove that the Bondi mass is always less than the ADM 
total energy if the system has news. 

However, it is presumably believed the assumptions of asymptotic fiat- 
ness at spatial infinity in all above works precludes gravitational radiation, 
at least near spatial infinity. We therefore assume certain weaker conditions 
on asymptotic fiatness at spatial infinity which spacetimes may include grav- 
itational radiation. We also derive a formula relating the ADM total energy 
to the Bondi mass. We find that, in this case, the ADM total energy is no 
longer the past limit of the Bondi mass and they differ by certain quantity 
relating to the news of the system. 

It should be pointed out that the "real" time t is assumed to be the 
retarded time u plus the Euclidean distance r in the paper. This condition 
is very restricted which is not satisfied even in Schwartzschild spacetime. 
In the forthcoming paper we will study the more general case which t 
approaches to n + r in certain sense. 

The paper is organized as follows: In Section 2, we state some well-known 
formulation and results of Bondi, van der Burg, Metzner and Sachs. In 
Section 3, we give some asymptotically flat conditions on Bondi radiating 
metric, which ensures the ADM total energy is well-defined at spatial infinity. 
In Section 4, we derive the second fundamental form of spatial infinity and 
show that it is also asymptotically flat, which ensures the ADM total linear 
momentum is well-defined at spatial infinity. In Section 5, we prove that the 
ADM total energy is the Bondi mass of negatively infinite retarded time. 
In Section 6, we prove that the ADM total linear momentum is the Bondi 
momentum of negatively infinite retarded time. In Section 7, we establish 
a relation between the ADM total energy-momentum of spatial infinity at 
any time and the Bondi energy-momentum at any retarded time. We also 
prove that the Bondi mass is always less than the ADM total energy if the 
system has news. In Section 8, we establish a relation between the ADM 
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total energy and the Bondi mass for Bondi radiating metric which includes 
gravitational radiation. 



2. The Bondi coordinates 

Throughout the paper we assume that {L^'^,g) is a vacuum spacetime 
with metric g = gijdx^dx^ taking the following Bondi radiating metric 

g = (—e'^l^ + r'^e^'^U'^cosh.25 + r'^e-'^"<W'^cosh25 
\ r 

+2r'^UW s\n\i25^du^ - 2e^'^dudr 
-2r^ (^e^Tf/ cosh 2b sinh 2^) dudQ 
-2r^ {e~'^'^W cosh 25 + U sinh 25^ sin ddudip 
W [e^'^ cosh 25de'^ + e'^T cosh 25 sin^ Od^^^ 
+2sinh25sin6'd6l#) (2.1) 



and satisfies the outgoing radiation condition, where /3, 7, 5, U, V, W are func- 
tions of 

x^ = u, x^ = r, x^ = 0, x^ = ip. 

u is a retarded coordinate, r is Euclidean distance, 6 and ip are spherical 
coordinates, 0<^<7r,0<^<27r. We assume the "real" time t is defined 
as 

t = u + r. 

In the forthcoming paper ^2^, we will study the more general relation be- 
tween the "real" time t and the retarded time u. The metric ()2.1() was 
studied by Bondi, van der Burg, Metzner and Sachs in the theory of gravi- 
tational waves in general relativity 5 . 17 ..24 . They proved that the following 
asymptotic behavior holds 

c^ + d^ ^/l 
U ^ -^ + 0(1), 



V = -r + 2M{u,e,^) + oQ^ 
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where 

I = c_2 + 2c cot + (i.3 CSC 9, 
I = (i^2 + 2(i cot — c^3 CSC 0. 

(Throughout the paper, denote f^i = ^ for i = 0, 1,2,3.) M is the mass 
aspect and c^O; c^.o are the news functions and they satisfy the following 
equation |2l] : 



M,o = - ((c o)^ + {dof^ + ^ {l,2 + I cot 9 + [3 CSC 9^ ^. (2.2) 

To avoid the singularity, we assume 

Condition A: Each of the six functions /3, 7, S, U, V, W to- 
gether with its derivatives up to the second orders are equal 
at ^ = and 27r. 

This implies 

•^1^=0 ~ '^li/)=27r' '^'Plv=0 ~ '^'Pli/;=27r' 

for p,q = 0, 2, 3. Denote S'^ the unit 2-sphere. The physical reason requires 
(e.g. 0) 

Condition B: For all u, 

c{u,Q,il))dip = I c{u,Tr,il))dip = 0. 
Jo 

Let be a null hypersurface which is given hy u = uq at null infinity. 
The Bondi energy- momentum of N^q is defined by IHl : 



f^uiuo) = -r- I M{uo,9,'ilj)n'^dS 
Is2 



where u = 0,1,2,3, = 1, the restriction of the natural coordinate 
to the unit round sphere, i.e., 

= 1, = sin 9 cos , n'^ = sm9 sinip, n^ = cos9. 
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mo is referred as the Bondi mass. Under Condition A and Condition B, 



/ 2 + ^ cot 6* + / 3 CSC 6* ) 

TT f'2n , 

/ (/,2sin6i + /cos6' + /^ajdV'ciei 
JO ' 

I sin ( 







/ {1{u,9,2tt) -l{u,e,0)]d9 
=0 Jo 



2tt 



-2 I (c(u,7r,V) + c(u, 0, -0) ) 



then ()2.2|) gives rise to the famous Bondi mass loss formula 



au 



(2.3) 



Now we derive the Bondi momentum loss formula. It is easy to find 



I 2 sin + I cos ^ + r 3 ) sin 6 cos ipdipdO 



JO 

2-K 







/ sin 



/ sin cos 9d9 ) cos ^/'dV' 

Jo 

+ / / sin iljdil^ ] sin 9d6 
^=0 7o 



( c COS Tp + d COS sin ^/i ) dipdO 

10 JO 

c COS Tp + d COS sin ij) ) dV'd^ 

'0 ^0 

0, 
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and 



/ 2 + ^ cot 6* + / 3 CSC 6* n^dS 

7r /'27r 

1^2 sin 9 + / cos 9 + l^^] sin 9 sin ipdipd9 



^0 

27r 







(/ sin^ 9) 



JO 
2tt '•2tv 



i'=o Jo 



I sin 9 cos j sin ipdip 
I cos tpdi/^ ] sin 9d9 



+ ^ (^(/sinV) 

/ ( c sin tp — d cos cos V' ) d^/^fi^ 
/o Jo ^ ' 

+ J J (^c sin ip — d cos 9 cos dip d9 

0, 



/ 2 + ^ cot 6* + / 3 esc 6* I n-^dS 

TT /'27r , 

/ ( /,2 sin 6* + /cos 61 + /,3) cos 6'(iV'(i6' 

TT /'27r , . /'27r 

/ ( I sin^ 9) di;d9+ / (/sin6lcos6l 
10 Jo ^ ' Jo 

2 y ('c(u, vr, ^/;) — c(ii, 0, •i/') ) dV' 
0. 



0=0 



d^p 



We obtain, for A;=l, 2, 3, 



du 



(2.4) 



In general, the spatial infinity in vacuum spacetimes which the metric 
satisfies may not be asymptotically flat in the sense of ^1 El 1201 HEl 
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El EE]- Using {t,r,6,Tp) coordinates, the metric (|2.1|) can be written as 

\ r 

+r'^e-'^"'W'^ cosh 26 + 2r'^UW sinh 26^ dt^ 
-2^(1 + ^)e^^ + r^e^"'U^ cosh25 
+r'^e-'^^W'^ cosh 26 + 2r'^UW sinh 25^ dtdr 
-2r^ {e^'<Ucosh 25 + W sinh 25^ dtdO 
-2r^ {e.-'^'^W cosh 25 + U sinh 25^ sin ddtd'ip 
+ (^(2 + ^)e2/^ + rV^C/2cosh25 
+r2e-27|y2 cosh 25 + 2r'^UW sinh 2^) dr^ 

(^e^'^ cosh 25de'^ + e"^'^ cosh 25 sin^ 6l#^ 
+2 sinh 2J sin 6*^61 (iV-^ 
+2r2 {e^^Ucosh. 25 + W sinh 2^) dr(i6l 
+2r2 (^e~^'^Ty cosh 25 + C/ sinh 2^) sin ddrdip. (2.5) 

3. The spatial infinity 

Let (^NtQ,g, h) be a spacehke hypersurface in L^'^ which is given by {t = 
to}, where g is the induced metric of g and h is the second fundamental 
form. 

g = ((2 + ^)e2/3 + rV^[72cosh25 

+r^e-^'^W'^ cosh 25 + 2r^UW sinh 2^) dr^ 

(e^^ cosh 25^0^ + e"^^ cosh 25 sin^ ^dV'^ 

+2 sinh 25 sin 6'd6l(iV') 

+2r2 (^e^'^C/ cosh 25 + TV sinh 25^ drdO 

+2r2 (^e-^'^iy cosh 25 + U sinh 25^ sin 6'dr(iV- (3.1) 

(^Nt^^,g,h^ is usuahy refereed to an initial data set. We will study when 
(^Ntg,g,h) is asymptotically flat. Let {e*} [i = 1,2,3) be the coframe of the 
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standard flat metric go on R'^, 

= dr, = rd9, = rsmOdil^. 

Let {ej} (i = 1, 2, 3) be the dual frame. The connection 1-form {i^ij} is given 

by de* = —uJij A & , or Vcj = —u)ij (8) ej = 1, 2, 3) where V is Levi-Civita 
connection of qq. It is easy to find that 

1 w2 V. 1 - cot 6 

uJi2 = — e , ujis = — e\ UJ23 = e-'. 

^ 

Throughout the paper, we denote Vj = V^. for i = 1, 2, 3. 

The initial data set [Nt^^ , g, is asymptotically flat in the current case if 
the metric g satisfies 

as r ^ oo. Furthermore, 2-tensor h satisfies 

h{ei,ej) =o(^^yVkh{ei,ej) =0^^) (3.3) 

as r — > oo. 

Denote C^ai,a2,a3} the functions in spacetime which satisfy the following 
asymptotic behavior at spatial infinity 

{lim,.^oolim„^_oor"i/ = 0(l), 
/: lim™hm„^-oor''^V,/ = 0(l), \. (3.4) 
lim™lim„^_oor»3ViVj/ = 0(l) J 

We employ the following assumptions: 

Condition C: 7 G C{i^2,3}> ^ ^ '^{1,2,3}. P ^ '^{2,3,4}i U ^ 

C{2,3,4}, W G C{2,3,4}, V + r £ C{o,l,2}- 

Condition C implies, for r sufficiently large, 

lim M = o(l), lim = 0(1), lim d = o(l 
lim Mo = o(-], lim co = o(-], lim do = o(- 



lim Ma = 0{1], lim ca = 1 , lim dA = 0{l 
where A,B = 2, 3. 

Proposition 3.1. Under Condition A, Condition B and Condition C, 

the metric g of Ntf^ satisfies it^. 
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Proof : The components of the metric g are 



5(ei,ei) = 



9(^2, h 



(2 + l)e2/3 + rV^C/2cosh2,5 
+^2g-27^2 pQgj^ 2(5 + 2r^UW sinh 26 

e^T cosh 2(5 
cosh 2(5 
e^Tf/ cosh 2(5 + 1^ sinh 2(5) 



t=to 



t=to 

t=ta 



r (e-'^'^W cosh 25 + U sinh 2(5) 



-27 
sinh 2(5 



t=to 
t=to 



t=to 



Note that for fixed t = Iq, r ^ oois equivalent to u — > —00, a straightforward 
computation yields the proposition. Q.E.D. 



4. The second fundamental form 



The lapse M and the shift Xi {i = 1, 2, 3) of the spacelike hypersurface 



Nto are 



\ / t=to 

Xi = gti 



t=to 



The second fundamental form is then given by 

hij = 2^ (ViXj + VjXi - dtgij^ 



where 



and 



ViXj = diXj — T^jXk 



2^ \dx^ dx' dxUt=to 



are Christoffel symbols of the metric g. Now we compute the inverse g^^ of 
metric tensor gij of Nt^. Denote g = (^gAB^ , 2 < ^, 5 < 3, i.e., 



_ 2 / ^'^'^ cosh 2(5 sinh 26 sin 9 
^"'^ ' sinh 2(5 sin 6' e'^T cosh 2(5 sin^ 6" 
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Then the inverse g ^ = [g^^ 



1 _ 1 / e~27 cosh 26 



sinh 25 

5 ^ = ~2 ( sinh 2(5 27 coslf 25 



Using the formulae (e.g. 0) 



we obtain 



1 

IT 



-AB 

911 - g giBgiA, 



9 

„1A 

= -g^^'giB, 

9^^ 

AB -AB , 91A91B 

9 =9 H 

5" 



4t = (2 + -)e^^ 

glL J. / 

3" = -t/9", 

smt^ 

99 e"^''' cosh 2(5 ^ ^ „ 
5 = ^ + f^V\ 



sinh 2(5 ;7VF 



= -^—^ + —^9' 
sm t7 sm a 

oo e2Tcosh25 VF^ 

^ = 2-2. 

sm c/ sm 



Proposition 4.1. Under Condition A, Condition B and Condition C, 

the second fundamental form h of Nt^ satisfies 



Proof : With the help of asymptotic behavior of /5, 7, (5, C/, V, W, we obtain 
the asymptotic expansion of the Christoffel symbols of (|3.1j) (see Appen(dix). 
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And a straightforward computation yields 



= 1 - 



-gtt + 9ti9tj9^^ 
,11 

2M 



t=to ^ Vr2 . 



'^e-'^^W^ cosh 2S - 2r'^UW sinh 2S 



-r 
2M 

r 

-r 



+0(4 

t=tQ Vr^ 



X2 = -r2(^e2^C/cosh25 + VF sinh 2(5) 



+ 0(1), 

t=to V r / 



X3 = -r2(^e-2^M/^cosh2(5 + ?7sinh2^) sin^ 



= Z sin ^ 



+ 0(1). 

t=to Vr/ 



We obtain the second fundamental forms 



/ill 
^33 
hi3 

h23 



2M + rMo 



t=to 



+ 



1,2 -2M- rc ) + O 

t=to V r 



(^l3sme-2Msm^e + lsmecose + rcosm^9^^ ^ +o(^-), 
Mo + l 



t=to 



+ o(l). 



' sin — Z cos 9 + Z,3 



-rcZosin6') +o(-). 

Jt=to \rJ 



Note that for fixed t = tQ,r ^ cois equivalent to w — > —00, a straightforward 
computation yields the proposition. Q.E.D. 



The trace of the second fundamental form is 
irg(/i) = -^(^rMo-2M + Zcot6' + Z,2 + Z",3Csc6'j^ ^ +oQ^. 
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5. The ADM total energy 



In this section, we compute the ADM total energy of A't,,. In polar coor- 
dinates, the ADM total energy E is 



This can be seen by changing Euclidean coordinates to the polar coordinates, 
or by writing Witten's mass formula [251 I14L I26j in asymptotically polar 
coordinates and using the comparison of two spin connections (e.g., 28 ). 
The polar coordinate expression of the ADM total energy is equivalent to the 
Euclidean coordinate expression of even if the metric is not the standard 
asymptotically flat in the sense of [H US UHl HSl miMI • This is because 
the coordinate transformation relates to only the ground metric which is the 
standard metric of M^. 



Theorem 5.1. Under Condition A, Condition B and Condition C, 

the ADM total energy of Nt^ is 




E{to) 



mo(-cx)). 



Proof : By p.lf) . we obtain 




4M 1^2 I cot e 



sin 
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Thus 



E(io) = 



— lim / M 

4tt r^oo J g2 



dS 



t=to 



— lim 

iOTT r—^oo 



n p2n 



(hsine + lcos0 + 1 3) dibdO 
V ' ' / t=to 

= lim / MdS 

Ait ti— >— 00 J g2 

_J_ lim / (i{u,e,2'K)-i{u,e,Qi)]de 

IdTTw^-ooJq V / 

1 f'^'^ ( \ ^ 

lim / I sin 6 dtp. 

loTT W-+-00 _/q \ / 0=0 

= lim [ M{u,e,tP)dS 

z{u, 0, V') + c(n, TT, "0)^ dip 



+ lim / I c( 



mo(-oo). 



Q.E. 



6. The ADM total linear momentum 

In this section, wc compute the ADM total linear momentum of Nt^. 
Euclidean coordinates 

= r sin 6 cos tp, = rsmO sin ijj, y^ = r cos 6. 

Then the ADM total linear momentum 

Stt Jg^i^^^dy^^ dr) ^(sy*' 5r)* ^^^'^)^ 
A simple computation yields 

d d I d cos 6 cos ip d sinip 

dy^ dr 89 r dipr sin 6 ' 

d d 2 d cos sin ^ d cosip 

dy'^ dr 89 r dip r sin 9 ' 

d 5 3 d sm9 

Qy3 Qj. QQ J. 
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Therefore, under Condition A, Condition B and Condition C 



h 



/ d d \ , 1 , cos 6 cos lb , sin ib 

(«n"'«~J = "11" +^21 ^31 — — 

vay^ orJ r rsmff 

= \(^(2M + rMfi)n^ - {M^2 + I) cose cosi/j 

, / d d \ , 2 7 cos 6 sin lb , cos 

^^'^ = '^ii'^ +"21 1-/131 



5 



9 



ay^ ar/ r rsmt^ 

^ (2M + rM 0) - (M 2 + /) cos 6 sin 

Af3 + Z"sin0)) +o(^), 



cos -0 



sin( 

iin^ - Ai2i- 



d d \ , 3 . sin^ 



^ ^'2M + rM,o)n''^+ (M2 + /)sin0) ^'^l^^)- 

f d d \ 1 cos cos ip sin -0 

= fii" +f2i 531 — r-^ 

\oy^ or J r rsmO 

/ 2M\ 1 cosdcosib jsinib ^/ 1 \ 

= 1 + n - + l - + Oi^), 

\ r / r r \r / 

( d d \ 2 cos Q sin ^ cos ib 

\~^'~^) = fii" +^21 + 531^-^ 

\ay^ or J r rsmO 

/_ 2M \ , r^s^sin-i/i jCOSib ^/ 1 \ 

= 1 + )n^-l --1 - + Oi^), 

\ r / r r \r J 

/ d d \ o sin^ 

n^^'s^J = ^^^^ 



/ 2M\ 3 ,sin(9 ^/ 1 \ 

= 1 + )n^ + l + 0{^). 

\ r J r J 

Theorem 6.1. Under Condition A, Condition B and Condition 

the ADM total linear momentum of Nt^ is 



^k{to) = mfc(-oo) 



for k=l, 2, 3. 
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Proof : It is straightforward that 
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^{to) = hm / Mn^dS 

27r u— >-oo 752 



- — hm / 

hm 

Svr u^—o. 



JO 

f TT /•27r 



Af 2 sin cos B cos -0 — M3 sin V'j liV'c^^ 

^,2 sin^ Q cos ^ + 1^2, sin ^ cos -0^ d'^d^ 

— hm / / ('2Zsin^cos^cosV' — rsin^sin'i/;)c?'i/;d^ 
Stt «-*-oo Jq Jq \ / 

— hm /" Mn^dS — — hm / frsin^cos-^) 



hm 



27r 



/ sin^ 6 cos V' 



dil) 



= hm / Mr? 

AtT u— >— 00 J g2 



dS 



mi(-oo), 



and 



P2(io) 



— hm / 

27r Jg2 



Mr?dS 



— — hm / / fM2sin6'cos^sin^ + Macos'i/'l'iV'^^ 
Sttu^-ooJo Jo ^ ' ' ' 



Svr tt^— 00 
hm 



^ hm / ^ 2 sin^ 0sin^ + Z^3sin0sin'0^d'0(i0 

^2Z sin Q cos sin ^ + T sin cos 1^ dil)d9 

dO 



— hm / Mn^dS — —— hm / ( I sin 6 sin if] 

AtT — 00 _y^2 OTT u— > — 00 Jq \ / 



5/1=0 



■ — hm / ( I sin^ sin ^ ) 
Stt u— >~oo Jq \ / 



dtp 



hm [ Mr?dS 
m2(-oo), 
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and 

lP3(to) 



— lim / Mv?dS 

2tT w^-oo J g2 



H lim 



+ 



lim 

Svr M-^-oo 

1 



7r f2n 



^0 

TT r2lT 



1^2 sin 9 cos + cos ) d^ti^ 



Svr u- 



lim 



JO 



Isi-a^ e -Icos^ e]d^dd 



2-E 



-3- lim / Mr?dS - — lim 
47r w^-oo J Svr »-oo 

-3- lim / Mn^dS 
4vr u^-oo J g2 

~T~ 1™ / vr, ^/;) - c(n, 0, ■0) ) # 

4vr M^-oo v 



I sin cos 6 



dip 



Q.E.D. 
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In this section, we derive a formula relating the ADM total energy and 
total linear momentum for a spacelike hypersurface at time to to the Bondi 
energy-momentum for a null hypersurface at retarded time uq in non-radiative 
fields. 

Theorem 7.1. Under Condition A, Condition B and Condition C, the 

ADM total energy, the ADM total linear momentum of Nt^ and the Bondi 
energy-momentum of null hypersurface satisfy 

>(to) = m^{uo) + ^ f ' f ^(^{cof + idflf^n'^dSdu 

•J CXj J S '^ 



for iy=0, 1, 2, 3, and ]E(to) is denoted as Po(^o)- particular, if there is 
news, then ADM total energy is always greater than the Bondi mass. 

Proof : By ((T^ . we obtain 

/«() 
M^du 
-oo ' 

[{cof + {dflf]du 



1 

+l^[l,2 + lcoid + csc( 



"0 
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Then the theorem is a direct consequence of (|2.:-{|) , (|2.4j) , Theorem 15.11 and 
Theorem EH Q.E.D. 

Remark 7.1. If we don't further assume Condition B, then 
E(to) = mo{uo) + ^ r [(^{cof + {d,ofySdu 

{c{-oo,0,i)) +c{-oo,TT,il))^dij), 
Pi(to) = mi{uo) + ^f' f (^{cof + {d^ofy^Sdu, 

J — oo J S'^ 



2 



(to) = rn2{uo) + — j J^^(^icof + {d,ofy^dSdu, 
(to) = ^3{uo) + ^r' f (^{cof + (d^of^n^dSdu 
^Itt I (c('"o,0,V') - c(?io,7r, ■(/'))#■ 



Remark 7.2. // the spacetime Li^'^ satisfies the dominant energy condition, 
then the positive mass theorem |181 1191 12UI I25j 

and Theorem \ 1. 1\ give rise to an inequality involving the Bondi energy- 
momentum. 



8. Radiative fields 



It is a fundamental problem to find appropriate conditions of asymptoti- 
cally flatness at spatial infinity to include gravitational radiation. Suggested 
by the Sommerfeld electromagnetic boundary conditions, Trautman speci- 
fied a class of (noncovariant) boundary conditions for a spatially confined 
gravitational source . The covariant formulation of the Trautman bound- 
ary conditions was given by Papadopoulos and Witten |15| . 

The Bondi metric H2.1() gives rise to a class of asymptotic flatness also. 
Instead of Condition C, we assume the metric has the following asymptotic 
behavior at spatial infinity, 



Condition D: 7 G C{i ij}, 5 G C{i 1 1}, (3 G ^{2,2,2}^ U G 

C{2,2,2}) W G C{2,2,2}) V + r £ C{0,0,0}- 
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Condition D implies, for r sufficiently large, 

lim M = o{l\ lim c = o{l\ lim d = o{l 

lim Mn = o(l], lim co = o(l], lim do = 0{l 



= L/ 1 i I , nm Co = L/ 1 i I , nm a q 

u, — ' — \ J U — ^ — OO ' \ / U — > — OO ' 

lim Ma = o(i], lim ca = o(i], lim dA = 0{l 

where A,B = 2, 3. Physically, Condition D might be an interpretation 
of Sommerfeld's radiation condition at spatial infinity: In the authors 

found, in axi-symmetric spacetime, this condition imply that 7 = + 

+ • • • as r ^ 00. As the metric ()2.1() behaves as a "wave", we may 
think that /i, /2, • • • involve sin(t — r), cos(i — r), etc. This is essential our 
motivation to introduce Condition D. 

Now we derive a formula between the ADM total energy and the Bondi 
mass. This may be thought as the relation between them in radiative fields. 
The relation between the ADM total linear momentum and the Bondi 
momentum in radiative fields requires much more dedicated computa- 
tion. This question will be addressed elsewhere. 

Theorem 8.1. Let¥.(to) be the ADM total energy of spacelike hypersurface 
Ntg whose metric satisfies Under Condition A, Condition B and 

Condition D, we have 

E(to) = mo(-oo) + lim [ [ (c^ + d^) smOdilidO. 
4vr«^~oo_/o Jo ^ 

Proof : Note that 1)3. 1() gives 

5(62,62) +5(63,63) = 2 cosh 27 cosh 2(5 

= 2 + 4(7^ + ^^)+0(J, 
= 2 + ^ , >- + 0' 



Hence, as r ^ 00, (or u —00), 

V^g{ei^ej) -Vitrg^{g) = ej(g{ei,ej)) - eitrg^{g) 



-g{e-j,ei)LJii{ej) - g{ei,ei)uJij{ej) 
4M 1^2 I cote Is 

J.2 J.2 J.2 J.2 gjjj Q 

/c^ + d'^\ ^( 1 
-4ei(^)+0(-3 

4M /,2 ^cot6l Z,3 

^2 J.2 J.2 J.2 gjjj ( 



ADM AND BONDI ENERGY-MOMENTA 
This gives rise to Theorem 18.11 
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9. Appendix 

The asymptotic expansion of the ChristofFel symbols of under Con- 
dition A, Condition B and Condition C: 



^ 13 



(rO' 



1 _ M + rM.o 
= -r + 0(l 

1/ ^ „ ^ \ „/l 



= -(^-/,2sin6' + /cos6' + /,3 -2dsin^ + 2rdosin6'^ +0(^- 

= -rWe + o(i), 



-^,3 + sin ^) 2 ~ ^l*^ ^'^.o) sin S / 1 \ 



9 /I 

r^3 = -sin6'cos6' + 



M,3-rIo , ^ / 1 



3 ^ -/,3+(/"sing)^^ + 2rdo ^ 
^12 2r2sin2 + Vr3 

3 /sin^ — 2(i 2 sin0 — 2(icos0 + c_3 

r sm^ 6* V r2 



cos ( 



ri3 = ^ + 



smf 

/ sin 9 + — 2d cos ^ 



1 \ 
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